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Abstract
This paper studies the elastic contact in filaments induced by surface adhesion, which plays
an important role in the mechanical response of fibrous materials (e.g., fiber friction, sliding,
compression hysteresis, etc.). During the process, a simple 3D elastic contact model was
proposed. The filaments were assumed to be uniform, smooth elastic cylinders, and the adhesive
force between filaments in contact was estimated according to Bradley’s approach (Bradley
1932 Phil. Mag. 13 853) that relies on the filament configurations before deformation. Under the
action of fiber surface adhesion, the elastic deformation and the size of the contact zone were
determined in closed-form based on the DMT theory (Derjaguin et al. 1975 J. Colloid Interface Sci.
53 314). Effects of filament radius and orientation, surface energies and elasticity on the elastic
deformation and the size of the contact zone were explored numerically. The model developed
in this work can be used for the study of the mechanisms of filament contacts, friction, sliding
and compression hysteresis in fibrous materials subjected to external loading.

remarkable attention in recent decades. Special care has
been taken for a long time to relate their effective stiffness
and strength. To mention a few, van Wyk [9] was the first
to develop a power-law pressure–volume relation for the
compression of wool with 3D random orientation. In this
model, the wool assembly was treated as a layered structure with fiber deflection between neighboring contacts.
Furthermore, Cox [10] considered the effective moduli of
dilute planar fiber networks (fiber composites) through
averaging the stiffness contribution of individual fibers
within a representative area element. Narter et al. [11] extended Cox’s approach to 3D cases. Nevertheless, Cox’s
model only takes into account the average effect of individual fibers. Neither fiber–fiber bonds nor transverse fiber
deflections were taken into account. Moreover, by refining
the fiber contact and deflection assumptions, quite a few fiber network models have been proposed afterwards that
were validated by experiments and numerical simulations
[12–22]. Among these, Carnaby and Pan [12, 13] considered
the effect of fiber friction and sliding on the mechanical response of fiber assemblies subjected to compression. They
modeled the compression hysteresis of fiber assemblies
based on the simple Columbus friction law. As a matter of
fact, for fibers at small scale, surface adhesion may have an

1. Introduction
Fibrous materials have been used extensively in thermal
and sound insulators, gas and fluid filters, chemical carriers, tissue templates and various paper products. As porous
matter, fibrous material is made of thin fibers that have a
very high surface area to volume ratio and tensile strength.
As a matter of fact, the strength of a fibrous material relies
on the fiber tensile and bonding strength and the specific fiber arrangement inside the fibrous material. Recently, ultrathin fibers produced by the electrospinning technique [1–3]
further extend the applications of fibrous materials. So far,
continuous ultrathin fibers with diameters ranging from a
few microns down to tens of nanometers have been fabricated efficiently by electrospinning. With their continuity,
high tensile strength, controllable surface morphology, and
chemical structures, electrospun nanofibers have been utilized in enhancing the targeted functionalities in almost all
fields where traditional fibrous materials have functioned
as key structural and functional components and in other
new frontiers (e.g. drug delivery, advanced nanofiber sensors, etc) due to their unique properties [4–8].
With the rapidly growing applications of advanced fibrous materials, their mechanical properties have evoked
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point above and below. As shown in Figure 1, the distance
between two points at the two surfaces such as M and N is
z1+ z2 = (A1 + B1)x 2+ (A2 + B2)xy + (A3 + B3)y 2 .

(2)

By properly rotating the (x,y)-coordinate system, the cross
term xy can be eliminated. Then, relation (2) can be recast
into
z1+ z2 = Ax 2 + By 2 ,

Figure 1. Cylindrical filaments in contact (a) contact zone between filaments in contact (b) coordinate systems.

appreciable effect on fiber contact, friction, sliding and resulting compression hysteresis, and it may even affect the
fiber dynamics and collapse [23, 24]. However, to the authors’ knowledge, no work has been reported yet in the
literature regarding the surface effect on the mechanical
properties of fibrous materials.
Therefore, in this work we initiate a study on the surface
effect on fiber contacts in fibrous materials, which is expected to play an important role in the mechanical response
of fibrous materials. In this modeling process, we propose
a simple 3D elastic contact model based on the DMT theory [25], where the elastic contact of filaments is induced
by surface adhesion between filaments in contact. Without
loss of generality, the filaments are assumed to be uniform,
smooth elastic cylinders. The adhesive force between filaments is estimated according to Bradley’s approach [26].
The elastic deformation and the size of the contact zone
are to be determined in closed form by Hertz contact theory [27–30]. Effects of filament radius and orientation, surface energies, and elasticity on the elastic deformation and
the size of the contact zone are explored numerically. Consequently, the potential applications of the present model
and relevant results are further addressed.
2. Problem statement and solution
Adhesive contact in filaments can be modeled as elastic
contact between two elastic cylinders positioned at an arbitrary angle subjected to surface adhesion. It can be dealt
with as the special case of the DMT theory [25] or the generalized Hertz contact theory [27–30]. Let us first introduce
Hertz contact theory for the general contact of two elastic bodies and then use the relevant results to study adhesive contact in filaments. Consider the tangent plane at the
point O of two elastic bodies in contact as the (x,y)-plane, as
illustrated in Figure 1. By ignoring the higher order terms,
the surfaces near the contact point may be approximated
by two polynomials:
z1 = A1x 2+ A2xy + A3y 2 ,
z2 = B1x 2+ B2xy + B3y 2 .

(1)

In the above Ai (i = 1, 2, 3) and Bi (i = 1, 2, 3) are the geometrical parameters describing the surfaces near the contact

(3)

where A and B are coefficients relating the principal curvatures of the surfaces in contact and the angle between the
planes of principal curvatures of the two surfaces. By denoting R1 and R′1 as the principal radii of curvature at the
point of contact of the body above, R2 and R′2 the body below, and φ the angle between the two normal planes containing the curvatures 1/R1 and 1/R2, the coefficients A
and B can be therefore determined:

(4)
In the case of two uniform elastic cylindrical filaments in
contact, relations in (4) are reduced to
(5)
where R is the radius of the filaments and φ is the spatial
angle between the filament axes. In relation (3), A and B
have the same sign, therefore all points with the same mutual distance z1+ z2 will be located on one ellipse. As a result, the contact surface of two cylindrical filaments will
have an elliptical boundary.
Let a be the distance reduction between the two elastic bodies subjected to compression and w1 and w2 the displacements of the points on the surfaces in contact above
and below, respectively. Then, for these points, the following relation holds such that
w1 + w2 + z1+ z2 = 

(6)

w1 + w2 =  – Ax 2 – By 2 .

(7)

or
The theory of elasticity [28] leads to the sum of the displacements w1 and w2 as
(8)
where pdA is the pressure acting on an elemental area of
the contact surface, r is the distance from this elemental
area to the contact center (see Figure 1(b)), and k1 and k2 are
defined by
(9)
where Ei and νi (i = 1, 2) are Young’s moduli and Poisson’s
ratios of the elastic bodies above and below, respectively.
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Table 1. m and N values for varying angle φ [28].
θ°

30°

35°

40°

45°

50°

55°

60°

65°

70°

75°

80°

85°

90°

m
N

2.731
0.493

2.397
0.530

2.136
0.567

1.926
0.604

1.754
0.641

1.611
0.678

1.486
0.717

1.378
0.759

1.284
0.802

1.202
0.846

1.128
0.893

1.061
0.944

1.000
1.000

The above integration must be performed over the entire
surface in contact. Substituting (7) into (8) yields

estimated by performing the integration with the integrant
(15) such that

(10)
Hertz contact theory [27–29] indicates that pressure p over
the contact surface to satisfy the above equation is represented by the ordinates of a semi-ellipsoid that is spanned
on the entire contact surface. The peak pressure p0 is located at the center of the contact zone. By denoting a and b
as the semi-axes of the ellipse of the contact zone, the peak
pressure can be determined by

(17)
where the integration domain is over the region out of the
contact zone on the tangential plane such that Ax 2 + By 2 ≥
, h0 is the minimum gap between surfaces in contact. In
Bradley’s approach, it assumes h0 = ε. Therefore, substituting (5) into (17) leads to the resultant compressive force P :

(11)
from which we have
(12)
In the above P is the compressive force that is actually the
resultant adhesive force between two filaments in contact.
The peak pressure is 1.5 times the average pressure on the
contact surface, and a is related to the compressive force P
and the semi-axes of the ellipse a and b [29] such that
(13)
where the semi-axes a and b are determined as

(18)
Interestingly, the adhesive force is independent of the size
of the contact zone and equal to the adhesive force between
two rigid uniform cylinders in contact [31].
Consequently, substitution of (5) and (18) into (14) yields
the semi-axes of the elliptical contact zone as

(19)
and m and n are functions with respect to φ as tabulated in
Table 1 [28]. The distance reduction of the filaments  due
to adhesive forces can be determined by substituting (18)
and (19) into (13):

(14)
In the above, coefficients m and n are numbers depending
only on the ratio (B – A) to (A + B) as tabulated in the literature [28].
Now, let us consider the compressive force induced
by surface adhesion between filaments in contact. As we
know, the adhesive forces between filaments are distributed forces that may be replaced by their resultant P determined according to Bradley’s approach [26]. In this
approach, the adhesive force between two unit areas is considered as a long-range Lennard-Jones force:
(15)
Here, ε is a phenomenological distance between two atoms/molecules, z is the distance between two unit areas
and Δγ is Dupré adhesion energy defined by
Δγ = γ1 + γ2 – γ12,

(16)

where γ1 and γ2 are, respectively, the surface energies of the
filaments, and γ12 is the interface energy. For uniform filaments in contact, Δγ = 2γ. Thus, the adhesive force can be

(20)
Therefore, relations (18)–(20) govern the adhesive contact in
filaments. It should be mentioned that additional compressive force may exist due to the coupling of surface tension
and surface deformation. This force can be approximated
as πγab/R, a higher-order term compared with R since
ab  R2 assumed in elastic contact theory. Furthermore,
due to the viscoelastic properties of polymers, thin polymer fibers may creep near the contact zone under high adhesive compressive stress as observed in the experiment.
3. Numerical evaluation and discussions
Hereafter, we examine the variation of the area of contact
zone between two fibers versus the fiber orientation angle
φ for several radii R and intrinsic lengths of fiber material
γ/E. The area of the contact zone can be determined by relation (19) such that
(21)
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Figure 2. Variation of the area of contact zone versus the angle between fibers (a) γ = 0.05 Nm–1 and (b) γ = 0.1 Nm–1 for fiber radii
of 2 µm, 5 µm, 10 µm, 15 µm, and 20 µm, respectively and (c) γ = 0.05 Nm–1 and (d) γ = 0.1 Nm–1 for fiber radii of 100 nm, 200 nm,
500 nm, 1 µm and 1.5 µm, respectively.

During the numerical process, fiber surface energies are selected as γ = 0.05 Nm–1 and γ = 0.1 Nm–1, respectively, and
Young’s modulus is chosen as E = 20 GPa. These values are
close to those of typical polymer fibers. Two groups of fibers are used. The first group has fiber radii of 2, 5, 10, 15,
and 20 µm; and the second has fiber radii of 100, 200, 500,
1000, and 1500 nm. The corresponding numerical results
are plotted in Figure 2. From Figure 2, it can be observed
that for a given fiber radius, the area of the contact zone
decreases rapidly with an increase of the angle φ between
fibers since the adhesive force decreases very fast with an
increase in the angle φ. In the case of fibers in orthogonal
contact, the area of the contact zone reaches its minimum
value:

Furthermore, it should be mentioned that for soft ultrathin fibers such as those electrospun polymer nanofibers with diameters around hundreds of nanometers and
below, surface tension may lead to significant hydrostatic
stress inside the nanofibers that is in the order of γ/R (~1
MPa). This stress may have an appreciable effect on the
contact mechanics of nanofibers. For viscoelastic polymers,
creeping may happen near the contact zone under high adhesive compressive stress that has been observed in experiment. As a first approach, we ignore these effects in the
present study.

(22)

In this study, a simple 3D elastic contact model based on
the DMT theory has been developed to examine the elastic
contact in filaments induced by surface adhesion. Bradley’s
approach has been used successfully in determining the resultant compressive (adhesive) force, which is independent
of the elastic deformation of the filaments in contact. Explicit solutions have been obtained for the compressive (adhesive) force, area of the contact zone and elastic deformation of the fibers. It shows that the compressive (adhesive)
force and the area of the contact zone decrease rapidly with
the increase of the angle between two filaments. In the case

In this case, the fiber pair has the minimum adhesive force
based on relation (18), and therefore the fibers have the
minimum deformation and elastic strain energy.
Relation (21) also indicates the scaling properties of the
area of the contact zone with respect to the fiber radius and
the intrinsic length, i.e.
and

(23)

4. Conclusions
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of orthogonal filaments in contact, the filaments have the
minimum compressive (adhesive) force and the minimum
area of contact zone. Corresponding numerical simulations
have been performed to demonstrate the effects of filament
radius and orientation, surface energies and elasticity on
the elastic deformation and the size of the contact zone.
The present model is capable of determining the contact
force, contact stress, and area of the contact zone. These parameters can be used in further exploring the mechanisms
of filament friction, sliding, and compression hysteresis in
fibrous materials subjected to external loading. Furthermore, for ultrathin soft fibers, the hydrostatic stress induced by surface tension and the material viscoelasticity
may have an appreciable effect on the contact in filaments.
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